In this note we calculate the fusion coefficients for minimal series representations of the N=2 superconformal algebra by using a modified Verlinde's formula, and obtain associative and commutative fusion algebras with non-negative integral fusion coefficients at each level.
Introduction.
As is known well, fusion algebras are constructed associated to each level of affine Lie algebras or W-algebras, and the Verlinde's theorem has a crucial importance for explicit calculation of fusion coefficients in terms of the matrices of modular transformation S = 0 −1 1 0 ∈ SL(2, Z).
For superconformal algebras, however, the Verlinde's formula is not applicable immediately, since the space spanned by Ramond type characters is transformed by S into the space of Neveu-Schwarz super-characters although the linear span of Neveu-Schwarz characters remains stable under the action of S.
Recently P. Minces, M. A. Namazie and C. Núñez [9] proposed a kind of modification of the Verlinde's formula to obtain fusion coefficients for N=1 superconformal modules. In this note, we show that a similar modification works also for the N=2 superconformal algebra, giving associative and commutative fusion algebras with non-negative integral fusion coefficients at each level.
The author is grateful to Dr. K. Iohara for information on the paper [9] .
1. Minimal series representations and transformation matrices of N=2 superconformal algebra.
The modular transformation of characters and super-characters of minimal series representations of the N=2 superconformal algebra was obtained in [10] and its proof using the Ramanujan's mock theta identity was provided in [7] . In this section, we recall characters of minimal series representations of the N=2 superconformal algebra and the formula of their modular transformation, following closely the paper [7] . First we consider the theta function
defined for τ ∈ C + := {τ ∈ C ; Imτ > 0} and z ∈ C, where q = e 2πiτ as usual, and Dedekind's η-function
We introduce functions ϕ (ε) (τ, z) and ψ (ε) (τ, z) (ε = 0 or 1 2 ) as follows :
where u := e 2πiz1 and v := e 2πiz2 . The second equality in (1) is the mock theta identity (cf. [1] and [3] ). For m ∈ N and j, k ∈ 1 2 Z, we put
Given a positive integer m, minimal series representations of level m of the N=2 superconformal algebra are parametrized by the set A 
and the character and super-character of the representation corresponding to (j, k) ∈ A (m;ε) are given as follows :
We define the action of S = 0 −1 1 0 ∈ SL(2, Z) on the linear span of characters and super-characters of level m by
and put
for (j, k) and (r, s) ∈ A (m) . Then the transformation of (super-)characters under S is given in [7] as follows :
It is easy to see that
We note that the modular transformation S satisfies
when both u and v belong to N S (m) or both to R (m) .
Modified Verlinde's formula and fusion coefficients.
In this section we fix a positive integer m, and calculate the fusion algebra of level m. Let us consider the set
By (3), one has N u ′′ u,u ′ = N u,u ′ ,u ′′ * . In this section, we are going to prove the following :
satisfy either one of the following conditions (F1) and (F2), and 0 otherwise :
To prove this theorem, we consider the following summations :
for a positive integer m and complex numbers a and b. The following lemma is an easy consequence from the summation formula of a geometric series :
Lemma 2.1.
2) If e ia = 1 and e ib = 1,
2') If e ia = −1 and e ib = −1,
3) In case when e ia = ±1, 1 − e i(a−b) .
Now we compute
Since each summand in the right-hand side of (7) is written as follows : 
For (r, s) ∈ N S (m) , we put p := r − s and q := r + s. Then p and q are integers satisfying 0 < q < m, −q < p < q and p + q ≡ 1 mod 2. So from (7) and (8), the fusion coefficient N (j,k),(j ′ ,k ′ ),(j ′′ ,k ′′ ) is given in terms of I( , ) as follows :
where
Since A 1 = A 2 and A 3 = A 4 by I(a, b) = I(a, −b), the formula (9) is rewritten as
We note that both j + j
∈ mZ, all terms in the right-hand sides of A 1 ∼ A 4 are equal to 0 by Lemma 2.2.3), giving N (j,k),(j ′ ,k ′ ),(j ′′ ,k ′′ ) = 0. So we need only to consider the case when (j +j
, and look at A 1 . Then by Lemma 2.2.1) and Lemma 2.2.2), one sees that
, and
we make use of Lemma 2.2.1') and Lemma2.2.2'). Applying the same argument to A 3 , one obtains the following :
Lemma 2.3.
1) In case when
(j + j ′ + j ′′ ) − (k + k ′ + k ′′ ) ∈ 2mZ ; A 1 =      −m(j + k) + m 2 if j ′ + k ′ + j ′′ + k ′′ < j + k or j +k+j ′ +k ′ +j ′′ +k ′′ > 2m, −m(j + k) otherwise, A 3 =      −m(j + k) + m 2 if j ′ + k ′ < j + k + j ′′ + k ′′ and j ′′ + k ′′ < j + k + j ′ + k ′ , −m(j + k) otherwise.
2) In case when
Now Theorem 2.1 follows immediately from (10) and Lemma 2.3. We remark that the inequality
follows automatically when (u, u ′ , u ′′ ) satisfies the condition (F2). We define the multiplication on the Z-span
for u, u ′ ∈ A (m) . Then the unitarity (4) implies that this multiplication is associative, and so F (m) is an associative and commutative Z-algebra with the unit ( 3. Examples : fusion algebras when m=2, 3 and 4.
[I] The case m = 2 is quite simple since N S (2) = {(
For simplicity, we put x 0 := ( 
x0,x1 = 1 and so the fusion algebra F (2) is isomorphic to Z/2Z with the multiplication x i · x j = x i+j mod 2 .
[II] The case m = 3; In this case,
and R (3) = {(1, 0), (2, 0), (1, 1)}.
We put Then the transformation matrix S
xj,x k is given by the following table :
x 0 x 1 x 2 x 3 x 4 x 5 x 0 . From this the fusion algebra F (3) is obtained as follows:
x 0 x 1 x 2 x 3 x 4 x 5 x 0 x 0 x 1 x 2 x 3 x 4 x 5 x 1 x 1 x 2 x 0 x 5 x 3 x 4 x 2 x 2 x 0 x 1 x 4 x 5 x 3 x 3 x 3 x 5 x 4 x 1 x 0 x 2 x 4 x 4 x 3 x 5 x 0 x 2 x 1 x 5 x 5 x 4 x 3 x 2 x 1 x 0 Putting y 0 := x 0 , y 1 := x 3 , y 2 := x 1 , y 3 := x 5 , y 4 := x 2 , y 5 := x 4 , one has y j · y k = y j+k mod 6 so that the fusion algebra F
